BINF 636: Lecture 10, Oct 29, 2008:

Introduction to Principal Component Analysis and

Multidimensional Scaling (Distance Geometry)
Description:

Principal Component Analysis (PCA) can be viewed as a change in coordinate system, chosen so that to

the extent possible, most of the variation in the data is captured in the top several coordinates of the data when
expressed in terms of the new PCA coordinate system. In cases where enough of the variation is in a few top
components of the data, this is a powerful visualization technique. Use of the top several components

(enough to capture a majority of the variation in the data) may lead to more efficient data analysis and
suppression of the effects of noise. This class will cover what PCA does, how it does it, and when it is
advantageous, including visualization examples from tumor subtypes in gene microarray data.

In classical multidimensional scaling (MDS), also called distance geometry, one starts with set of distances between
the points to be displayed, and attempts to represent these points in a low dimensional space while having the
distances between the points approximate, as well as possible, the original distances. The original distances could be
the Euclidean distances between the points, or, for example, distances derived from correlations. A standard first
step in a distance geometry application is to convert the distances into a matrix of the inner products of the
(unknown) position locations. This matrix leads to a set of positions (coordinates of the points) satisfying the
distance conditions (assuming the distance data doesn't violate certain geometrical conditions), but in a higher
dimensional space. Point locations in 3 coordinates can be obtained by projecting down from the higher dimensional
positions in a way that minimizes a certain measure of the error committed in forcing the projected points to have
only 3 coordinates, which can be seen to be a PCA projection. The resulting starting positions can be used as the
initial values in a nonlinear optimization procedure to search for positions that better satisfy the prescribed distances.
The aspects of distance geometry outlined above will also be covered in this class.

Topics to be covered include

o Principal Component Analysis (PCA) as a means of reducing the dimension of a high dimensional dataset
and visualizing a high dimensional dataset in 2 or 3 dimensions
. What PCA does - PCA as choice of a new coordinate system capturing as much of the variation in the data

as possible in the first several coordinates

Simple examples and examples from visualization of tumor subtypes in microarray data

When PCA is effective and when it is not

PCA in terms of eigenvalues and eigenvectors of the appropriate covariance matrix

PCA via the Singular Value Decomposition (SVD) of the data matrix

Viewing an initial step in a distance geometry algorithm as the linear projection of a high dimensional
dataset into 3 dimensions that preserves as much of the distance variation as possible, which is a PCA
projection. Viewing this step in terms of the singular value decomposition of the matrix of the points in the
higher dimensional space.
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An Introduction to Principal Component Analysis (PCA)
Outline

« Examples of visualization capturing as much of the variation
in the data as possible (PCA)

e [llustration of how PCA works — selection of first axis capturing
maximal variation

e Precise definition of “variation of the data”
* PCA might not be best for separating subgroups

« Examples of PCA on real data, left out dimensions do matter,
comparison with hierarchical agglomerative clustering

* Scree plots for estimating how much variation in the data
has been captured

* Matrix singular value decomposition (SVD) gives PCA coord.



Some References for Principal Component Analysis
and Singular Value Decomposition (SVD)

[1] R. A.Johnson and D. W. Wichern, Applied Multivariate
Statistical Analysis, Fourth Edition, Prentice Hall,
1998, Chapter 8 — Principal Components

[2] 1. T. Jolliffe, Principal Component Analysis 2nd Edition,
Springer, 2002.

[3] W. H. Press, B. P. Flannery, S. A. Teukolsky and
W. T. Vetterling, Numerical Recipes (FORTRAN VERSION)
Cambridge University Press, 1989, Section 2.9

[4] G. Strang, The Fundamental Theorem of Linear Algebra
American Mathematical Monthly 100 (1993), pp. 848-855.
(explains the singular value decomposition in terms of the
fundamental subspaces of a matrix (linear transformation)
and its transpose)

[5] G. H. Golub and C. F. Van Loan, Matrix Computations 2nd Edition,
The Johns Hopkins University Press, 1989, Section 2.5 <Ed. 3, 1996>

[6] B. Carnahan, H. A. Luther and J. O. Wilkes, Applied Numerical
Methods, John Wiley & Sons, 1969 — see “power method” to get several
of the largest eigenvalues and corresponding eigenvectors of a real
symmetric positive semidefinite matrix (e.g., a moderate size covariance
matrix).

(in general should use a_robust algorithm to obtain the SVD)

[7] G. W. Stewart, On the Early History of the Singular Value
Decomposition, SIAM Review 35 (1993), pp. 551-566.

[8] M. E. Wall, A. Rechtsteiner and L. M. Rocha, Singular Value
Decomposition and Principal Component Analysis, in A Practical
Approach to Microarray Data Analysis, D. P. Berrar, W. Dubitzky and
M. Granzow, eds. pp. 91-109, Kluwer, Norwell, MA (2003)
web page: http://public.lanl.gov/mewall/kluwer2002.htmi




BMC Genomics 2005, 6:63 D. Peterson et al.
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Principal Component Analysis (PCA) of the three microarray platforms and six cell lines using expression of the 3186 genes

with signals above background.

may be due to simple errors in gene identification, rather
than to the technologies of the platforms. The Incyte
library is guaranteed by the manufacturer to be only 90%
correct, and an unknown percentage of the Operon and
Affymetrix oligonucleotides may have been designed on
the basis of incorrect sequences in the public databases.
Indeed, we found one oligonucleotide in the Operon set
that was apparently designed from an EST sequence that
has since been withdrawn from the UniGene database
(see RT-PCR studies below). In any case, the concordance
is quite high across all platforms with this method of anal-
ysis as well as with the others.

Quantitative real-time RT-PCR

In a pilot study with the three platforms, we compared
and contrasted gene expression values for only the cell
lines MCF10A and LNCaP. RT-PCR data for twelve genes
are shown in Figure 6. Most of the values are in reasonable
agreement except that there are differences in the magni-
tudes of the expression ratios. As found in other studies,
the RT-PCR values are generally higher, probably because
ratios are "flattened" with the microarray platforms.
Affymetrix ratios are sometimes higher, but that may sim-
ply reflect the method of quantitation used in their analy-
sis. The cDNA array ratios are generally lower than those
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Sample Section of a Gene Expression Level Matrix

="

1 |Gene Description  # Tissue Sample # = 1 2 3 4 A B 7 a g
130|Miemann-Fick C disease protein (MPC1) mBEMNA 54 17 175 235 150 142 22 217 141
131|588 DEF = Angelman Syndrome Gene, EB-AF ubic 180 372 431 528 162 445 827 893 430
132|RET ligand 2 (RETLZ) mRMNA, 373 430 856 506 213 414 772 836 449
133| 5B DEF = Delayed rectifier patassium channel (kX 484 485 159 a9y 155 a1 774 852 341
134|GB DEF = Secretory carrier membrane protein (S0 949 21 4 33 110 Fis) 70 Fils) 95
135|Poly(ADP-ribose) glycohydralase (hPARG) mRMNA, B5 82 163 135 107 75 B3 40 83
136|GB DEF = Importin alpha 6 mRMNA B0 B2 30 B 16 35 13 ) B2
1537 | Caspase-like apoptosis requlatory pratein 2 (clarp) 451 B47 842 531 514 4587 403 E71 492
138 |ATF family member ATFE (ATFB) rmRMA, 197 119 293 118 200 44 1581 206 93
139 |Fas-binding protein (DAXX) mRMNA partial cds 246 178 2011 814 478 853 1073 2126 743
140| Arp2f3 protein complex subunit pd1-Arc (ARCA1 n 1130 866 1403 945 1129 983 1287 SEG 813
147 | Arp2f3 protein complex subunit p20-Arc (ARC20) 370 1466 1334 a5z 711 227 530 827 1693
142|GE DEF = RG53 mRMNA, 5" UTR 300 17 330 141 173 156 528 410 451
143 | MDOM2-like p53-binding pratein (MO mRRA, 330 43 428 449 122 245 144 178 165
144 |Bet1p homalog (hbet1) mRRA 141 21 a7 87 244 B4 455 374 75
145| Dolichal monophosphate mannose synthase (DFM 260 B2 400 a5 389 156 283 203 310
146 | Phospholipid scramblase mRMA 124 RS 102 234 24 16 109 A5 a0
147 |GB DEF = Syntaxin-16C mRMA, 339 453 297 403 440 357 37 AE5 295
143|GB DEF = TEB4 protein mREMA, 233 85 83 142 214 B4 77 266 14
149|GE DEF = Luman mREMNA 1052 B35 11745 1079
44 [p M data_set_ALL_AML_train / Ik}

Rows are expression levels of 1 gene, columns are expression
profile from 1 microarray chip (here a tissue sample)

(modified from Golub et al. ALL/AML data)






















Matrix Singular Value Decomposition (SVD)
Outline

 The SVD of a Matrix
e PCA In terms of SVVD

* PCA, SVD, eigenvalues & eigenvectors of the inner product matrix
of the rows of A or of the covariance matrix of the rows of A (same
matrices except for a factor of (n-1))

o Statistical Viewpoint: PCA coordinates are uncorrelated




Vectors with n entries

V=(v,,vy...,v,), W= (W;,W,,...,w,) are called
n-vectors, and are said to be points in R”

the difference (V-W) between V and W
(the vector from W to V) 1s
V-W= (vi-wy, ..., V- W)

the square of the Euclidean distance between
Vand W =
(V-W) o (V-W) = (vi- W) + o+ (v W)

in general, Ve W=vw, + ... +v.w,



Eigenvalues and Eigenvectors of a Matrix &
£ A=y Transpose Notation

for n by n matrix A, n-vector v,
number A

then A Is an eigenvalue of A with
corresponding eigenvector v

IC

1 2|1 1 3 ;
3 4 = 7 4 and (1,2,3) =

1
2 }
3



Orthogonality
Vectors v and w are orthogonal If

VeW=0

An nxn matrix A i1s orthogonal If any
two distinct rows <columns> of A are
orthogonal and each row <column>
has length 1 (in which case A1 = Al

e.g.,
\3 /2 1/2
{ 1/2 \3/2 }



Picking PCA Directions w to Maximize Variation Along w

Consider the points to be the columns of the m by n matrix A

Want to pick the m-vector w of length 1 to maximize the sum
of the squares of the entries in the row vector wt A, i.e., want
to maximize

Q) WA AW

This means w 1s the eigenvector corresponding to the largest
eigenvalue of the covariance matrix of the rows of A;
successive principal component directions maximize (Q)
subject to the current w being perpendicular to all the previous
ones.



Singular Value Decomposition (SVD)
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Singular Value Decomposition (SVD)

Decompose m x n matrix A as the product
A=Ux V"’

where
¢ Columns (& rows) of U (m xm) are orthonormal
¢ Rows (& cols) of VT (nxn) are orthonormal

¢ X is an m x n diagonal matrix
X = mXn diag(al >...20r >0, Ory1 = ... = Omin(m,n) :O)
r = rank(A) is the # of indep. rows / cols in 4

¢ Use the £ “most significant” components
to do k- dimensional Principal Components
Analysis (PCA) — project the data
(the n cols of A) into the linear subspace
spanned by the first k£ cols of U: A, =U{A where
U, is columns 1 through % of U.

¢ Note AAT = USZTUT, ATA=VETZVT

¢ The range of A is spanned by cols 1,...,r of U
The null space of 4 is spanned by
cols r+1,....,n of V



The fundamental equality (1) in the
“Embedding Page™ says that 1f there are
points satisfying the distance constraints,
their inner product (dot product) metric
matrix g;; can be explicitly expressed
completely 1n terms of the inter-point
distances.

Conversely given an inner product matrix g;,
from a set of points (centroid at origin) one
can directly write down the inter-point
distances



If one sums the fundamental embedding
identity (1) over 1=1,...,n, (when the centroid
of the points 1s 0) one finds that:

sum over i of (dist(0, P,))* =
sum over 1 and j of (dist(P;, Pj))2 / (2n)

the “variation” of the points about the origin
= the sum of the squares of the inter-point
distances / (2n)  (note this counts d;; & d;;)



ISOMORPHISMS BETWEEN the SETS of
DISTANCE and METRIC MATRICES



G Positive Semi-Definite is a
Necessary and Sufficient Condition

for Existence of a Corresponding
Set of Points in R"

Let the eigenvalues of G be A\, Ao, Az..., and let
the corresponding eigenvectors (here row vectors)

be Wl, WQ, W3 ... with the order )\1 Z )\2 Z )\3. ..

Then, when G is Positive Semi-Definite,
define the points (column vectors) { Py} by

1/2
(P, Py ... Pu)yun= .”

\All\I/Q.WN) NxN

In general the top few eigenvalues will be positive
even when the geometric conditions on the distances
for exact embedding are not satisfied.



Defining the Points from the Eigenvectors and Eigenvalues
P,P,P3P,PcPc P, PgPy.......... P

owl ()22 [ XXX XXX XXX XXX X

eigenvectorsof G ——

row 2 (A)2 [ XXX XXX XXX XXX X

row 3 A2 [ XX X XXX XXX XX XX

would be O

rown-1 (A )Y XXX XXX XXX XX XX

row n o \uyuduuuduuuuuuu)

must be O
u=1/"\n



Distance Geometry / PCA duality

If have distances from n points, use “vector formula”
to construct nxn metric matrix G = inner product of
point vectors (even though don’t have the points!!)

Having obtained this inner product matrix G, find its
eigenvalues and eigenvectors and use them to directly
construct n-dimensional points satisfying the distances.

his construction naturally Is in the PC coordinates
for the points (so using the first 3 coord. gives the
PCA projection).



Distance Geometry / PCA duality 11

If have n points, centroid=0, as columns of matrix A,
then their metric matrix G = A~ A; use SVD of A —
A=UZVitowriteG=VXZIU'UX V' so

G=V AW =(VA?) (A?Vt) =Ptp

The line above Is the distance geometry construction that only
required knowing the distances between the points. Since G =
the Iinner product matrix from P, and G came from the distance
matrix, the iIsomorphism between Dij’s and Glj’s guarantees
the points P satisfy the inter-point distances. If have A; Ut A
directly gives the principal component coordinates of the
points. (note the non-zero entries of A”* and X are the same).



Distance Geometry — Stmple Example

P, (-1,16) metric matrix G

4 \
25 128 -8 -120
8 145 137
(-8,-8) 17  (9,-8)
P, P, 120 -137 257
\ J

eigenvalues = 386.39605, 143.60395 sum = 530 = sum
of squares of distances of the 3 points to the origin



Distance Geometry — Simple Example

noints from e-values & e-vectors of G
( (7“1)1/2 P, P, P, A
19.657 (-0.36454 -0.45045 0.81499)

<«—first eigenvector ———»

(1)
11.9835 (0.73060 -0.68100 -0.04960)

<«———second eigenvector ——»

(8:8) 17 O8) | 0 0 0o
1-D projection = (-7.1657, -8.8545, 16.0202)

“Best” 1-D (min Z;(Dy-d)?) is (p, = -14.333, p,=-2.667, p;=17)
error is 3*(5.333)2 so need nonlinear optimization after projection

sum of squares of inter-point distances (double count) =
2(289 + 676 + 625) = 3180 = 2*(n=3)*(Z(dist of pt to 0)? =530)



Si ngul ar Val ue Deconposition on the array A of the 3 points

fromthe distance geonetry exanpl

A =
- 8. 0000000 9. 0000000
- 8. 0000000 - 8. 0000000

e - each point

-1. 0000000
16. 000000

Note the sumof the entries in each row of A has

al ready been arranged to be 0

the singul ar val ue deconposition
A=U I MU

of A

(here Wt neans the transpose of V)
t after any matrix name neans take the transpose of the matrix:

the rows of the transposed matrix = the colums of the original

U=
-0.099341496 -0. 99505338
0. 99505340 -0. 099341644

is a colum of A

The colums of U are the PCA axes for the colums of A
These are the eigenvectors of C = A At;
C = (n-1)*covariance matrix for rows of A

19. 656959 0. 00000000
0. 00000000 11. 983487

0.0
0.0

The variation (sum of squares of coordinate val ues) for each

nontrivial PCA coordinate = (diagonal
metric matrix G= At A Since centroid of points = 0, at |east one

eigenval ue of Gis always 0

Vt =
-0. 36453728 -0. 45045123
0. 73060204 - 0. 68099945
0. 57735026 0. 57735026
verify A=U I W
u = vt =
- 8. 0000006 8. 9999992
- 8. 0000006 -7.9999996

wite the points (colums of A)
(the colums of U)

UuA=x wt =
-7.1656945 - 8. 8545014
8. 7551598 -8.1607478

These are the coordinates of the

0. 81498851
- 0. 049602588
0.57735026

- 0. 99999859
16. 000000

in terns of the

16. 020196
-0. 59441195

3 points

(colums of A) in terns of the PCA
coordinate system (the 2 colums of U). Note these 2 rows are
is 0). Distances are
preserved by the full (all coordinate) PCA representation.

uncorrel ated (their inner product

of X)*= eigenval ues of the

mat ri x

The rows of WVt are the
ei genvectors of the

metric matrix

PCA coordi nat es

G=A A




note the suns of the colums of A are O
(the centroid is at the origin) so
(n-1) x (the covariance matrix of the rows of A) = A At =

146. 00000 - 24. 000000
-24.000000 384. 00000

the Metric Matrix = the array of inner products of
the points (the colums of A) = At A =

128. 00000 - 8. 0000000 -120. 00000
- 8. 0000000 145. 00000 -137. 00000
-120. 00000 -137. 00000 257. 00000
u AA U=323t =
386. 39605 -7.8708505e- 005
-7.8708505e- 005 143. 60395

so AA U=UZ?xzt (the eigenvectors of A At are the colums of U)

and
Vi At AV =3t T=
386. 39605 -9.6387622e- 005
-9.6387622e- 005 143. 60395
1. 6403545e- 014 -4,1017537e-015

so At AV=VZ3 X

(the eigenvectors of At A are the colums of V = the rows of W)

coo
coo





