
BINF 636:  Lecture 10,  Oct 29, 2008: 
 
                              Introduction to Principal Component Analysis and                         
.                        Multidimensional Scaling (Distance Geometry)  
 Description:  
   
 Principal Component Analysis (PCA) can be viewed as a change in coordinate system, chosen so that to 
 the extent possible, most of the variation in the data is captured in the top several coordinates of the data when 
expressed in terms of  the new PCA coordinate system. In cases where enough of the variation is in a few top 
 components of the data, this is a powerful visualization technique. Use of the top several components 
 (enough to capture a majority of the variation in the data) may lead to more efficient data analysis and 
 suppression of the effects of noise. This class will cover what PCA does, how it does it, and when it is 
 advantageous, including visualization examples from tumor subtypes in gene microarray data.  
 
In classical multidimensional scaling (MDS), also called distance geometry, one starts with set of distances between 
the points to be displayed, and attempts to represent these points in a low dimensional space while having the 
distances between the points approximate, as well as possible, the original distances. The original distances could be 
the Euclidean distances between the points, or, for example, distances derived from correlations. A standard first 
step in a distance geometry application is to convert the distances into a matrix of the inner products of the 
(unknown) position locations. This matrix leads to a set of positions (coordinates of the points) satisfying the 
distance conditions (assuming the distance data doesn't violate certain geometrical conditions), but in a higher 
dimensional space. Point locations in 3 coordinates can be obtained by projecting down from the higher dimensional 
positions in a way that minimizes a certain measure of the error committed in forcing the projected points to have 
only 3 coordinates, which can be seen to be a PCA projection. The resulting starting positions can be used as the 
initial values in a nonlinear optimization procedure to search for positions that better satisfy the prescribed distances. 
The aspects of distance geometry outlined above will also be covered in this class. 
 
   
Topics to be covered include   
 
• Principal Component Analysis (PCA) as a means of reducing the dimension of a high dimensional dataset 

and visualizing a high dimensional dataset in 2 or 3 dimensions 
• What PCA does - PCA as choice of a new coordinate system capturing as much of the variation in the data 

as possible in the first several coordinates   
• Simple examples and examples from visualization of tumor subtypes in microarray data   
• When PCA is effective and when it is not   
• PCA in terms of eigenvalues and eigenvectors of the appropriate covariance matrix   
• PCA via the Singular Value Decomposition (SVD) of the data matrix  
• Viewing an initial step in a distance geometry algorithm as the linear projection of a high dimensional 

dataset into 3 dimensions that preserves as much of the distance variation as possible, which is a PCA 
projection. Viewing this step in terms of the singular value decomposition of the matrix of the points in the 
higher dimensional space. 

 
 
   
Alan E. Berger, Ph.D.,  JHBMC Lowe Family Genomics Core, Johns Hopkins University School of Medicine,    
aberger9@jhmi.edu     (410) 550-5089   
 



���������	
������������
�
������
���������������������������

���	��������

������
����������	����������
�
�	���������	
�������������������

  ���������������
����!��������

�����	��������������"�����"��#��$�����
�������������������
�
�	������

�������������������

�����
�������������������%���������������������&

����������������!��!����������
���������	!���	
�

������
�����������������������'�������	����������������������'������

��
��
�������"����������
��
�����������������
�	�������

��(
����
����������������������"��	
������������������������

  ����!����
�
�	���

��)����������	�������	����
��
���������(*+������������
���� 



 

    Some References for Principal Component Analysis 
                    and Singular Value Decomposition (SVD) 
 
[1]   R. A. Johnson and D. W. Wichern, Applied Multivariate  
       Statistical Analysis, Fourth Edition, Prentice Hall,  
       1998, Chapter 8 – Principal Components 
 
[2] . I. T. Jolliffe,  Principal Component Analysis 2nd Edition,   
       Springer, 2002.                                    
 
[3] .W. H. Press, B. P. Flannery, S. A. Teukolsky and  
       W. T. Vetterling, Numerical Recipes (FORTRAN VERSION) 
       Cambridge University Press, 1989, Section 2.9                                   
 
[4]  G. Strang, The Fundamental Theorem of Linear Algebra 
       American Mathematical Monthly 100 (1993), pp. 848-855. 
      (explains the singular value decomposition in terms of the  
      fundamental subspaces of a matrix (linear transformation) 
      and its transpose) 
 
[5] .G. H. Golub and C. F. Van Loan, Matrix Computations 2nd Edition,   
       The Johns Hopkins University Press, 1989, Section 2.5 <Ed. 3, 1996>                               
 
[6]  B. Carnahan, H. A. Luther and J. O. Wilkes, Applied Numerical 
      Methods, John Wiley & Sons, 1969 – see “power method” to get several 
      of the largest eigenvalues and corresponding eigenvectors of a real          
.     symmetric positive semidefinite matrix (e.g., a moderate size covariance 
.     matrix).  
      (in general should use a robust algorithm to obtain the SVD) 
 
[7]  G. W. Stewart, On the Early History of the Singular Value  
      Decomposition, SIAM Review 35 (1993), pp. 551-566.  
 
[8]  M. E. Wall, A. Rechtsteiner and L. M. Rocha, Singular Value  
      Decomposition and Principal Component Analysis, in A Practical 
      Approach to Microarray Data Analysis, D. P. Berrar, W. Dubitzky and 
      M. Granzow, eds. pp. 91-109, Kluwer, Norwell, MA (2003)   
      web page: http://public.lanl.gov/mewall/kluwer2002.html   



BMC Genomics 2005, 6:63     D. Peterson et al.   <Concordance Figure>                              http://www.biomedcentral.com/1471-2164/6/63
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may be due to simple errors in gene identification, rather
than to the technologies of the platforms. The Incyte
library is guaranteed by the manufacturer to be only 90%
correct, and an unknown percentage of the Operon and
Affymetrix oligonucleotides may have been designed on
the basis of incorrect sequences in the public databases.
Indeed, we found one oligonucleotide in the Operon set
that was apparently designed from an EST sequence that
has since been withdrawn from the UniGene database
(see RT-PCR studies below). In any case, the concordance
is quite high across all platforms with this method of anal-
ysis as well as with the others.

Quantitative real-time RT-PCR
In a pilot study with the three platforms, we compared
and contrasted gene expression values for only the cell
lines MCF10A and LNCaP. RT-PCR data for twelve genes
are shown in Figure 6. Most of the values are in reasonable
agreement except that there are differences in the magni-
tudes of the expression ratios. As found in other studies,
the RT-PCR values are generally higher, probably because
ratios are "flattened" with the microarray platforms.
Affymetrix ratios are sometimes higher, but that may sim-
ply reflect the method of quantitation used in their analy-
sis. The cDNA array ratios are generally lower than those

Principal Component Analysis (PCA) of the three microarray platforms and six cell lines using expression of the 3186 genes with signals above backgroundFigure 3
Principal Component Analysis (PCA) of the three microarray platforms and six cell lines using expression of the 3186 genes 
with signals above background.
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SUDHL6SUDHL6

L428L428



Sample Section of a Gene Expression Level Matrix

Rows are expression levels of 1 gene, columns are expression 
profile from 1 microarray chip (here a tissue sample)  
(modified from Golub et al. ALL/AML data)















Matrix Singular Value Decomposition (SVD)              
Outline  x

• The SVD of a Matrix

• PCA in terms of SVD

• PCA, SVD, eigenvalues & eigenvectors of the inner product matrix
. of the rows of A or of the covariance matrix of the rows of A (same     
. matrices except for a factor of (n-1))

• Statistical Viewpoint: PCA coordinates are uncorrelated



Vectors with n entries

V = (v1,v2,…,vn), W = (w1,w2,…,wn)  are called     
n-vectors, and are said to be points in RRn

the difference (V-W) between V and W                      
(the vector from W to V) is                                     
V-W =  (v1- w1, …, vn- wn)

the square of the Euclidean distance between          
V and W =         
(V-W) • (V-W) = (v1- w1)2 + … + (vn- wn)2

in general, V • W = v1w1 + … + vnwn



Eigenvalues and Eigenvectors of a Matrix &

if  A v = λ v

for n by n matrix A, n-vector v, 
number λ:                                        
then λ is an eigenvalue of A with 
corresponding eigenvector v
4     2          1                                  1           
2     4         -1                                 -1  = 2

1     2                                                         
3     4                                               

1     3                                                         
2     4                                               

t
t= =and   (1,2,3)

1
2
3

Transpose Notation



Orthogonality
Vectors v and w are orthogonal if 

V • W =  0

An n×n matrix A is orthogonal if any 
two distinct rows <columns> of A are 
orthogonal and each row <column> 
has length 1 (in which case A-1 = At)    
e.g.,

√3 / 2          -1 / 2                
. 1 / 2          √3 / 2                                   



Picking PCA Directions w to Maximize Variation Along w

Consider the points to be the columns of the m by n matrix A

Want to pick the m-vector w of length 1 to maximize the sum 
of the squares of the entries in the row vector wt A, i.e., want 
to maximize

(Q)                               wt (A At) w 

This means w is the eigenvector corresponding to the largest 
eigenvalue of the covariance matrix of the rows of A; 
successive principal component directions maximize (Q) 
subject to the current w being perpendicular to all the previous
ones.



Singular Value Decomposition (SVD)
Am n = Um m Σm   n Vt

n nXX XX

Here draw schematic for case m>n corr. to data points = cols of A and 
more rows than columns (e.g., microarray data – viewing samples)

n columns
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
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




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The columns of U are 
the new coordinate axes



Singular Value Decomposition (SVD)

Decompose m × n matrix A as the product

A = U Σ V T

where

� Columns (& rows) of U (m × m) are orthonormal

� Rows (& cols) of V T (n × n) are orthonormal

� Σ is an m × n diagonal matrix
Σ = m × n diag(σ1 ≥ . . . ≥ σr > 0, σr+1 = . . . = σmin(m,n) = 0)
r = rank(A) is the # of indep. rows / cols in A

� Use the k “most significant” components
to do k - dimensional Principal Components
Analysis (PCA) – project the data
(the n cols of A) into the linear subspace
spanned by the first k cols of U: Ak ≡ U t

kA where
Uk is columns 1 through k of U.

� Note AAT = UΣΣTUT, ATA = V ΣTΣV T

� The range of A is spanned by cols 1,. . ., r of U
The null space of A is spanned by
cols r+1,. . ., n of V



The fundamental equality (1) in the 
“Embedding Page” says that if there are 
points satisfying the distance constraints, 
their inner product (dot product) metric 
matrix gij can be explicitly expressed 
completely in terms of the inter-point 
distances.

Conversely given an inner product matrix gij
from a set of points (centroid at origin) one 
can directly write down the inter-point 
distances 



If one sums the fundamental embedding 
identity (1) over i=1,…,n, (when the centroid 
of the points is 0) one finds that:                      

sum over i of (dist(0, Pi))2   =                             
sum over i and j  of (dist(Pi, Pj))2 / (2n)   
.

the “variation” of the points about the origin 
= the sum of the squares of the inter-point 
distances / (2n)     (note this counts dij & dji)



ISOMORPHISMS BETWEEN the SETS of
DISTANCE and METRIC MATRICES

{
d2

i j : d2
i j = d2

j i, d2
i i = 0

} T
⇀↽
W

{
g i j : g i j = g j i,

∑

i

g i j = 0

}

T
{
d2

r s

}
i j

=
1
2

(
d2

i c + d2
j c − d2

i j

)

W {g r s} i j = g i i + g j j − 2g i j

d2
i c =

1
N
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j=1
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i j −

1
N2

N∑

j=2

j-1∑

k=1

d2
j k.



G Positive Semi-Definite is a
Necessary and Sufficient Condition
for Existence of a Corresponding

Set of Points in Rn

Let the eigenvalues of G be λ1, λ2, λ3 . . . , and let
the corresponding eigenvectors (here row vectors)
be W1, W2, W3 . . . with the order λ1 ≥ λ2 ≥ λ3 . . .

Then, when G is Positive Semi-Definite,
define the points (column vectors) {P k} by

( P1 P2 . . . PN )N xN =





λ
1/2
1 W1

λ
1/2
2 W2

...
λ

1/2
N WN





N xN

In general the top few eigenvalues will be positive
even when the geometric conditions on the distances
for exact embedding are not satisfied.



u = 1/√n

⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟

⎠

⎞

⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜

⎝

⎛

x x xx x x x x x x x x x 
x x xx x x x x x x x x x 
....................................
x x xx x x x x x x x x x 
x x xx x x x x x x x x x 
x x xx x x x x x x x x x row 1

row 2

row n-1

row n                                
must be 0

row 3

If data were “perfect,” rows beyond 3               
would be 0

(λ2)1/2

(λn-1)1/2

(λ1)1/2

(λ3)1/2

eigenvectors of G

P1 P2 P3 P4 P5 P6 P7 P8 P9 ………. Pn 

Defining the Points from the Eigenvectors and Eigenvalues

0 u u u u u u u u u u u u u



Having obtained this inner product matrix G, find its 
eigenvalues and eigenvectors and use them to directly 
construct n-dimensional points satisfying the distances.

Distance Geometry / PCA duality

If have distances from n points, use “vector formula” 
to construct nxn metric matrix G = inner product of 
point vectors (even though don’t have the points!!)

This construction naturally is in the PC coordinates 
for the points (so using the first 3 coord. gives the 
PCA projection).



Distance Geometry / PCA duality II

If have n points, centroid=0, as columns of matrix A, 
then their metric matrix G = At A; use SVD of A –
A = U Σ Vt to write G = V Σt Ut U Σ Vt so

* 

The line above is the distance geometry construction that only 
required knowing the distances between the points.  Since G = 
the inner product matrix from P, and G came from the distance 
matrix, the isomorphism between Dij’s and Gij’s guarantees 
the points P satisfy the inter-point distances.  If have A; Ut A 
directly gives the principal component coordinates of the 
points. (note the non-zero entries of Λ and Σ are the same).

G = V Λ Vt = (V Λ .) (Λ Vt )1/2 1/2 = Pt P

1/2



Distance Geometry – Simple Example
(-1,16)

25 26

P3

0

metric matrix G






















128         -8          -120

-8       145     -137

-120   -137     257

(-8,-8) 17 (9,-8)

P1 P2

eigenvalues = 386.39605,  143.60395   sum = 530 = sum 
of squares of distances of the 3 points to the origin



Distance Geometry – Simple Example

(-8,-8) (9,-8)

(-1,16)

25 26

P1 P2

points from e-values & e-vectors of G

19.657 (-0.36454  -0.45045 0.81499)

11.9835 (0.73060  -0.68100  -0.04960)

0               0                0

1-D projection = (-7.1657,  -8.8545,  16.0202)

P1 P2 P3(λ1)1/2

(λ2)1/2

⎟
⎟
⎟
⎟
⎟
⎟

⎠

⎞

⎜
⎜
⎜
⎜
⎜
⎜

⎝

⎛
first eigenvector

17

sum of squares of inter-point distances (double count) =        
2(289 + 676 + 625) = 3180 = 2*(n=3)*(Σ(dist of pt to 0)2 =530)

“Best” 1-D (min Σij(Dij-dij)2) is  (p2 = -14.333,   p1=-2.667,   p3 = 17)  
error is 3*(5.333)2  so need nonlinear optimization after projection

second eigenvector

U1

U2 0

P3



 
Singular Value Decomposition on the array A of the 3 points 
from the distance geometry example - each point is a column of A 
 
A =  
      -8.0000000       9.0000000      -1.0000000       
      -8.0000000      -8.0000000       16.000000       
 
Note the sum of the entries in each row of A has 
already been arranged to be 0 
 
 
the singular value decomposition of A: 
A = U  Σ  Vt           
 
(here Vt means the transpose of V) 
t after any matrix name means take the transpose of the matrix:  
the rows of the transposed matrix = the columns of the original matrix 
 
                                                     
U =                                                      
   -0.099341496     -0.99505338               
    0.99505340    -0.099341644    
 
The columns of U are the PCA axes for the columns of A. 
These are the eigenvectors of Cr = A At; 
Cr = (n-1)*covariance matrix for rows of A. 
 
                                                         
                                                                   
Σ =                                                                              
       19.656959      0.00000000      0.0        
      0.00000000       11.983487      0.0                                                              
                                                                   
The variation (sum of squares of coordinate values) for each 
nontrivial PCA coordinate = (diagonal of Σ)2 =  eigenvalues of the  
metric matrix G = At A.  Since centroid of points = 0, at least one  
eigenvalue of G is always 0 
 
Vt =  
     -0.36453728     -0.45045123      0.81498851      The rows of Vt are the   
      0.73060204     -0.68099945    -0.049602588      eigenvectors of the 
      0.57735026      0.57735026      0.57735026      metric matrix G = At A 
 
verify A = U  Σ  Vt  
U  Σ  Vt  = 
      -8.0000006       8.9999992     -0.99999859 
      -8.0000006      -7.9999996       16.000000 
 
write the points (columns of A)  in terms of the PCA coordinates  
(the columns of U) 
 
Ut A = Σ  Vt  =                                                            
      -7.1656945      -8.8545014       16.020196         
       8.7551598      -8.1607478     -0.59441195        
                                                                                  
These are the coordinates of the 3 points  
(columns of A)  in terms of the PCA 
coordinate system (the 2 columns of U). Note these 2 rows are 
uncorrelated (their inner product is 0). Distances are 
preserved by the full (all coordinate) PCA representation. 
   
x 
x 
x 
x 
x 
x 
x 
x 
x 
x 
x 
x 



 
 
  
 
                          
note the sums of the columns of A are 0                  
(the centroid is at the origin) so 
(n-1) x (the covariance matrix of the rows of A) = A At = 
 
       146.00000      -24.000000 
      -24.000000       384.00000 
 
the Metric Matrix = the array of inner products of 
the points (the columns of A) = At A = 
 
       128.00000      -8.0000000      -120.00000 
      -8.0000000       145.00000      -137.00000 
      -120.00000      -137.00000       257.00000 
 
Ut A At U = Σ Σt  =                                          
                                  386.39605         -7.8708505e-005              
                                 -7.8708505e-005       143.60395              
  
so   A At U = U Σ Σt   (the eigenvectors of A At are the columns of U)                             
 
 
and 
 
 
Vt At A V = Σt Σ  = 
                                  386.39605       -9.6387622e-005        0.0 
                            -9.6387622e-005       143.60395              0.0 
                             1.6403545e-014      -4.1017537e-015         0.0 
 
so At A V = V Σt Σ    
 
(the eigenvectors of At A are the columns of V = the rows of Vt) 
                                                            




