Homework 1

Page 83 #8A — Apply Lemma 13.2 to show that the countable collection
B ={(ab) |a< b, aand b are rational}
isabassthat generates the sandard topology on R.

Consder the stlandard topology on thered line. B isacollection of open setsof R by
hypothesis. Pickany openset (cd) 1 R. " x 1 (cd), wecanfindaraiond aandb ' X
I (ab) I (c,d). Then goplying Lemma13.2, B isabasisfor the standard topology on R.

Page 91 # 6 — Show that the countable collection
D={(ab) (cd)|a<b,c<d, andab,c, and d arerational}
isabassfor R2.

The countable collection B ={(ab) |a<b,aand barerationa} andC ={(c,d) |c<d, c
and d are rational} are bases of R by the 8A above. By Theorem 15.1, D isabasisfor R?.

Page 100 #2 — Show that if A isclosedinY and Y isclosedin X, then A isclosed in X.

Let AbedosedinY andY beclosedin X. Then A containsdl itslimit points with
respecttoY and A 1 Y by Corollary 17.7. Smilarly, Y containsdl itslimit points with
repecttoX andY | X. First, we need to show that the limit point xp of A with respect
to X areds0inY. Thenwewill show that xpisasoaY limit point of A. (Notethat itis
necessary that Xo 1 'Y inorder for ittobeaY limit point of A.) Consider such apoint Xo.
By definition of limit point a neighborhood U around g intersects A in apoint other than
itdlf (U N A—={xX} * {}). SinceA | Y,itdsnintersectsY inapoint other than itsalf
UNY-={x}t {}). Thenxyisalimitpointof Y with respectto X. Hence, dl X
limit pointsof A aredso X limit pointsof Y. BecauseY isclosedin X, Y containsdl its
limit points with respect to X (induding the limit points of A with respect to X).

Now we will show that xp isaY limit point of A. (Note that we cannot assume open sets
inX and Y areidentical). Suppose Uy = Ux (Y are open sets containing xo with Uy |
YandUx I X.Sncexgisan X limitpointof A,Ux N A—{xo} * {}. ThenUx N A=
UxNANY(@EneeA Tl Y)=UxN YN A=Uy A (bydefinition of Uy above).
ThenUx N A—{Xo} =Uy N A—={xo} * {}. Hence, xpisaY limit point of A.
Because A isclosedinY, x| A that is A containsits X limit points. \ A isclosedin

X.



Page 100 # 11 — Show that the product of two Hausdorf spacesis Hausdorf.

Let X and Y be Hausdorf spaces. Then for each pair of pointsy;® y» | Y, $digoint
neighborhoods Vi, Vo I Y ' yil Vi, andys | Vo, withVy (1 Vo ={}. Consider xi, X2
I X (not necessarily distinct) and respective neighborhoods U; and U, around them.
Congder theproduct space X ~ Y. Then(xg,y1) | U1~ Viand(xe,y2) | Uz~ Vo

U V)N (U2 Vo)=Ui N U) N (Vi V2)=(Us N U) N {}={}
ThenU; ™ Viand U, ™V, aredigoint neighborhoods around (x1,y1) and (X2,Y2),
regpectively. Smilarly forx;* x2 | X andyy, y2 1 Y.\ X Y isHausdorf. (Notethat
for thefirst part we could have used X as the open set containing x; and xz.)



