Homework 2

Page 111 #1 — Prove that for thefunctions f : R® R, thee- d ddfinition of continuity
implies the open st definition.

Let f: X® Y, X=RandY =R. Wemust show that the e- d definition of continuity
impliestnat U= f "*(V) I X isopenin X if V isopeninY. Thee- d definition of
continuity satethat if f iscontinuous, " p1 Xand" >0, $ad>0" ifxIl (p—d,p
+d),then f(X)I (f(X)—e, f(X)+€). LetV beopeninY andletp! f *(V). We
need to show that p isaninterior point of f *(V). Lety = f (p). BecauseV isopen,
$Bv(y,e) | V forsomee>0. Since f iscontinuousatp, $ad>0" f (Bx(p, d)) |
By (Y, €). Hence,

Bx(p, 1 fE[fBx(p.d)I 1 7 Brly. @)l (V)

and pisaninterior point of f (V).

Page 111 # 2 — Supposethat f : X® Y iscontinuous. If x isalimit point of the subset
A of X, isit necessaxily truethat f (x) isalimitpointof f (A)?

In generd yes, by Theorem 21.3 which statesLet f : X® Y. If thefunctionis
continuous, then for every convergent sequence x, ® xin X, the sequence f (x,) ®

f (X). However, there is one exception and that is when f(x) isa congtant. In this case,
the set Y only congsts of one point and hence cannot have a limit point.

Page 111 #5 — Show that the subspace (a,b) of R is homeomorphic with (0,1) and the
subspace [a,b] of R is homeomorphic with [0,1].

We need to find ahomeomorphism f : (ab)® (0,1) and g:[ab] ® [0,1]. Leta<x <
bandO<y=f (X)<landthemap f : (ab)® (0,1) be
X-a
=f(xX)=——
y=10)=3—

This map is one-to-one, continuous, and hasinverse f * (y) = a+ (b-a)y = x and hence a
homeomorphism. \  (ab) is homeomorphicto (0,1). Usethesamemapfor gasa
homeomorphism from [ab] to [0,1].



Page 126 # 9 — Show that the Eudlidean metric d on R" isametric, asfollows: If x,y
| R"andc | R, define

X+y =(X+VY1,...,.% + Vn),
cX =(CX1,...,CXn),

Xy =yt ... + XaVn).

@ Showthatx - (y +2=(X - y)+(Xx - 2.
(b) Show that [x - y| £ [jx] lIyll

(c) Show that [)x +y|| £ [IX]| + lyll.

(d) Verify that d isametric.

(a) X - (y +Z) :(Xl""!xf’l)' [(yl!""yn) +(Zl""12n)]
=Xty %) (V1 +2Z0,..0,Yn T Z0)
= (xalyr +z) +...% Xa(Yn + 20))
(Xwy1 + X1Z1 +...% XnYn + XnZn)
(Xayr +...F XaVn) + (azs +...+ XnZn)
[(X]_,...,Xn)' (yli""yn)] + [(X]_,...,Xn)' [(Z]_,...,Zn)]
=X-y)+Xx- 2

(b) Thedaementisdearly vdidif x=0. If x * O, let

Xy
z=y——=X
I 1]

Then z- x=0ad

_ _ & Xy 0ee x-y o0
Of |l4f =z - z= gy--—2 X3 EY-—>X=
& Ix S & I
_ X-y Xy Xy Xy
=y y-y- X — X - y+ X -
% | % | 1% | 1% |
:||y||2_2(x' Y)2+(X' Y)ZX_
x> x|
X9, Y e
= lylF -2 + [l x|
x> x|
= ”y”2_ 2(X' y)2 +(X' y)2
I x|I? I x|I”
(x-y)?
IylF - =—2—
I x|I”

Hence,
x -y £ |yl IxIF and
X -yl £ (X IVl



© IX+yIP=[(x+y) - X+y)]=[X-X+X -y+y -Xx+y-V]
=[x- x+2x -y +y-yl £ x|+ 2xIl Iyl + liyll = [IX]l + llyl]* using part b.
Hence, |Ix + || £ |Ix|| + |ly|| since both sides are positive

(d) To show that the Euclidean norm isametric, we have to show that if d(x,y) = |[x — V||
() d(x,y) @ Owithd(x,y) =0onlywhenx =y
(i) d(x,y)=d(yx)
(i) d(xy)+d(y,2 3 dx,2

() by definition d(x,y) 2 O (it isthe positive squareroot and if x * y then at least
on pair X, and y; are diginct and their differencle suared is positive)
d(xx) = [ —x|| = Jloll = 0| = (0* + ... + 0¥)*=0 )

(i) doay) =X =Yl =100 = Ya,e o X =Yl = [0a = Y1), 060 = V)]
= [01 =x2)%, (9 = X0)T = (V2 = Xa,- Y = X)lI = lly = X1 = d(y.X)

(i)  dixy) +dy,)=Ix=-yll+ly—2* [(x-y)+(y—2) by patc
=[x-y+y-2=]x-7
Hence, [x -yl +lly —2| * [Ix -2 and d(x,y) + d(y,2) * d(x.2)

Page 135 # 11d — Given asequence of functions f : X® R, let

S = é. f; ()
i=1
Prove the Welerstrass M-test for uniform convergence: If | f, ()] £ M. fordlx | X and

dl i, and if the series é M converges, then the sequence (s,) converges uniformly to a
function s.

Assumethat |f. (X)) £ M, fordlx | X anddl i and that the series é M converges,
Letr, = é_imlMi using the hypothesis. Part () guarantees that the series

S, = é f.(X) converges, thetis, N ® ¥ ,thens,(X) ® S(x).
i=1

Consider the casewhenk >n. Then
M -509=a f.09-a fi(9
SO =:0) = f ., )+ ...+ £ (X
[0 =S O £] F GO+ .. + [ (K]
) =S £ M,y + .+ My



I5) =S E M, + ...

¥

SM-sKIE A M, =r

i=n+1
. . o ¥ T
im () - s( £1m & M, =lm

S-S0 £ Q. M, =r

i=n+1

Hence,
|S(X) = si(X)| £



